Background {#Sec1}
==========

MCDM is one of the process for finding the optimal alternative from the set of feasible alternatives according to some criteria. Traditionally, it has been generally assumed that all the information which access the alternative in terms of criteria and their corresponding weights are expressed in the form of crisp numbers. But in day-today life, uncertainties play a crucial role in the decision making process. Due to complexities of the system, the decision maker may give their preferences corresponding to each alternative to some certain degree. However, it is obvious that much knowledge in the real world is fuzzy rather than precise and thus their corresponding analysis contains a lot of uncertainties and hence does not give the correct information to the practicing. Such kind of situations is suitably expressed with intuitionistic fuzzy sets (IFSs) (Attanassov [@CR1]) rather than exact numerical values. These days IFSs are one of the most permissible theories to handle the uncertainties and impreciseness in the data than the crisp or probability theory (Garg [@CR3], [@CR5], [@CR8]; Garg et al. [@CR10]; He et al. [@CR14]; Li and Nan [@CR16]; Wan et al. [@CR23]; Xu [@CR30], [@CR31]; Yu [@CR36]). In the field of MCDM, the primary objective is of the information aggregation process. For this, Yager ([@CR33]) proposed the ordered weighted average (OWA) operator by giving some weights to all the inputs according to their ranking positions. Based on its pioneer work, many extensions have been appearing over it and applied it to solve the problems of multi-criteria decision making problems. For instance, Xu and Yager ([@CR32]) developed some geometric and Xu ([@CR30]) proposed averaging aggregation operators on IFSs environment including weighted, ordered weighted and hybrid weighted operators. Zhao et al. ([@CR40]) combined Xu and Yager's operators and developed their corresponding generalized aggregation operators. Xia and Xu ([@CR29]) proposed a series of intuitionistic fuzzy point aggregation operators based on the generalized aggregation operators (Zhao et al. [@CR40]). He et al. ([@CR13]) proposed an operations based on the principle of probability membership, non-membership and probability heterogenous functions operators. Wang and Liu ([@CR27]) and Wang and Liu ([@CR25]) proposed some geometric as well as averaging aggregation operator based on weighted and ordered weighted operators for different IFNs under Einstein operations. Zhao and Wei ([@CR41]) extended their aggregation operators by using the hybrid average and geometric operators. Apart from them, the various authors have addressed the problem of MCDM by using the different aggregation operators (Fei [@CR2]; Garg [@CR4], [@CR5], [@CR6], [@CR7], [@CR9]; Garg et al. [@CR11]; Liu [@CR19]; Li and Ren [@CR17]; Li and Wan [@CR18]; Li [@CR15]; Nan et al. [@CR20]; Robinson and Amirtharaj [@CR21]; Wan and Dong [@CR22]; Wan et al. [@CR23], [@CR24]; Wang and Liu [@CR27]; Xu and Yager [@CR32]; Yu [@CR34], [@CR35], [@CR37]; Yu and Shi [@CR38]; Zhou et al. [@CR43]).

It has been observed from the above aggregator operators that they have some drawbacks. For example, if there is an IFS whose at least one grade of non-membership function is zero, then the aggregated IFSs corresponding to the aggregator operators as described by Liu ([@CR19]), Wang and Liu ([@CR27], [@CR26]), Xu ([@CR30]), Zhang and Yu ([@CR39]), Zhao et al. ([@CR42]) etc., have a zero degree of non-membership. This means that the role of the other grades of non-zero non-membership functions does not play any dominant role during the aggregation process. Similarly, if there is at least one degree of membership function to be zero then their corresponding IFSs obtained through geometric aggregator operators have a zero degree of membership functions. In other words, we can say that the effects of the other grades of either membership or non-membership on a corresponding geometric or an averaging aggregator operator does not play any significant role during the aggregation process. Further, it has been observed from above operators that the grades of overall membership (non-membership) functions are independent of their corresponding grades of non-membership (membership) functions. Thus, under such circumstances, the results corresponding to these operators are undesirable and hence does not give the reasonable preference order of the alternative.

Thus the objective of this manuscript is to present some new averaging aggregation operators under the IFSs environment. For this, some new operational laws on IFSs has been defined by considering the degree of hesitation between the grades of membership functions. Based on it, some series of different averaging aggregating operators including weighted average, ordered weighted averaging and hybrid weighted averaging have been proposed. It has been observed from these operators that the existing operators can be deduce from the proposed operators by giving a parameters to be a special numbers. Finally, a MCDM method based on these proposed aggregation operators are presented to show the applicability, utility and validity of the proposed ones. From the studies, it has been concluded that it can properly handle the shortcoming of the existing work and hence give an alternative way to finding the best alternative using an aggregation operators.
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=============

Intuitionistic fuzzy set {#Sec3}
------------------------

An intuitionistic fuzzy set (IFS) *A* in a finite universe of discourse $\documentclass[12pt]{minimal}
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and their corresponding aggregation operators have been proposed by Liu ([@CR19]) for different IFNs $\documentclass[12pt]{minimal}
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The above operations are very concise and have been widely used by the various authors (He et al. [@CR13], [@CR14]; Liu [@CR19]; Wang and Liu [@CR25]; Xu [@CR30]; Zhao et al. [@CR40]), but the above operations have several drawbacks. Few of them have listed as below.
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Therefore, the existing operators, as proposed by Liu ([@CR19]) are invalid to rank the alternative and hence there is a need to pay more attention on these issues.

Some improved weighted averaging aggregator operators {#Sec5}
=====================================================

In this section, we have define some improved aggregation operator by using an improved operational laws defined as below.

**Definition 1** {#FPar3}
----------------
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Weighted average aggregation operator {#Sec6}
-------------------------------------

### **Definition 2** {#FPar4}
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### **Theorem 1** {#FPar5}
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### *Proof* {#FPar6}
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### **Lemma 1** {#FPar7}
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### **Corollary 1** {#FPar8}
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From this corollary it has been concluded that the proposed IFHIWA operator shows the decision maker's more optimistic attitude than the existing IFHWA operator (Liu [@CR19]) in aggregation process.

### *Example 3* {#FPar10}
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### **Theorem 2** {#FPar11}
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### *Proof* {#FPar12}
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### *Example 4* {#FPar13}

If we apply the proposed IFHIWA operator on Example 1 then corresponding to $\documentclass[12pt]{minimal}
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                \begin{document}$$IFHIWA(\alpha _1,\alpha _2,\alpha _3,\alpha _4)=\langle 0.4582, 0.4473\rangle$$\end{document}$. Therefore, it has been seen that there is a non-zero degree of non-membership of the overall aggregated IFNs even if at least one of their corresponding grades of IFNs is zero. Thus, the others grades of non-membership function of IFNs play a dominant role during the aggregation process in the proposed operator.

### *Example 5* {#FPar14}

If we apply the proposed IFHIWA operator to aggregate the different IFNs as given in Example 2 then we get aggregated IFN are $\documentclass[12pt]{minimal}
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Now, based on Theorem 1, we have some properties of the proposed IFHIWA operator for a collection of IFNs $\documentclass[12pt]{minimal}
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### **Property 1** {#FPar15}
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### *Proof* {#FPar16}
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### **Property 2** {#FPar17}
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### *Proof* {#FPar18}
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                \begin{document}$$\begin{aligned}&1- \mu _{i,\max } - \nu _{i,\min } \le 1-\mu _i - \nu _i \le 1 - \mu _{i,\min } - \nu _{i,\max } \nonumber \\&\quad \Leftrightarrow \frac{1- \mu _{i,\max } - \nu _{i,\min }}{1-\mu _{i,\min }} \le \frac{1-\mu _i - \nu _i}{1-\mu _i} \le \frac{1 - \mu _{i,\min } - \nu _{i,\max }}{1-\mu _{i,\max }} \nonumber \\&\quad \Leftrightarrow \frac{1- \mu _{i,\max } - \nu _{i,\min }}{1-\mu _{i,\min }} \le \prod \limits _{i=1}^n \left( \frac{1-\mu _i - \nu _i}{1-\mu _i}\right) ^{\omega _i} \le \frac{1 - \mu _{i,\min } - \nu _{i,\max }}{1-\mu _{i,\max }} \nonumber \\&\quad \Leftrightarrow \frac{-\mu _{i,\max }+\mu _{i,\min }+\nu _{i,\max }}{1-\mu _{i,\max }} \le 1-\prod \limits _{i=1}^n \left( \frac{1-\mu _i - \nu _i}{1- \mu _i}\right) ^{\omega _i} \le \frac{-\mu _{i,\min }+\mu _{i,\max }+\nu _{i,\max }}{1-\mu _{i,\min }} \nonumber \\&\quad \Leftrightarrow -\mu _{i,\max }+\mu _{i,\min }+\nu _{i,\max } \le \frac{\gamma \left\{ 1-\prod \nolimits _{i=1}^n \left( \dfrac{1-\mu _i - \nu _i}{1- \mu _i}\right) ^{\omega _i} \right\} }{(\gamma -1)\prod \nolimits _{i=1}^n \left( \dfrac{1+(\gamma -1)\mu _i}{(\gamma -1)(1-\mu _i)}\right) ^{\omega _i} + (\gamma -1)} \le -\mu _{i,\min }+\mu _{i,\max }+c_{i,\min } \nonumber \\&\quad \Leftrightarrow \nu _{i,\max }\le \frac{\gamma \left\{ \prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i} - \prod \nolimits _{i=1}^n(1-\mu _i-\nu _i)^{\omega _i}\right\} }{\prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _i)^{\omega _i} + (\gamma -1)\prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}} \le \nu _{i,\min } \end{aligned}$$\end{document}$$

Take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{\min } = \min \nolimits _i (\mu _{i})$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{\max } = \max \nolimits _i (\mu _{i})$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu _{\min } = \min \nolimits _i (\nu _{i})$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu _{\max } = \max \nolimits _i (\nu _{i})$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$IFHIWA(\alpha _1,\alpha _2,\ldots ,\alpha _n)=\alpha = \langle \mu _{\alpha },\nu _{\alpha }\rangle$$\end{document}$ then Eqs. ([3](#Equ3){ref-type=""}) and ([4](#Equ4){ref-type=""}) are transformed into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{\min } \le \mu _\alpha \le \mu _{\max }, \quad \nu _{\max } \le \nu _\alpha \le \nu _{\min }$$\end{document}$.

So, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S(\alpha ) = \mu _{\alpha } - \nu _{\alpha } \le \mu _{\max } - \nu _{\max } = S(\alpha ^+)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S(\alpha ) = \mu _{\alpha } - \nu _{\alpha } \ge \mu _{\min } - \nu _{\min } = S(\alpha ^-)$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S(\alpha ) < S(\alpha ^+)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S(\alpha ) > S(\alpha ^-)$$\end{document}$ then by order relation between two IFNs, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha ^- < IFHIWA(\alpha _1,\alpha _2,\ldots ,\alpha _n) \le \alpha ^+ \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square$$\end{document}$

### **Property 3** {#FPar19}

(Monotonicity) *If*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i$$\end{document}$*and*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta _i$$\end{document}$*,*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(i=1,2,\ldots ,n)$$\end{document}$*be two collections of IFNs such that*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i \le \beta _i$$\end{document}$*for alli, then*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} IFHIWA(\alpha _1,\alpha _2,\ldots ,\alpha _n) \le IFHIWA(\beta _1,\beta _2,\ldots ,\beta _n) \end{aligned}$$\end{document}$$

### *Proof* {#FPar20}

Proof of this property is similar to above, so we omit here. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square$$\end{document}$

### **Property 4** {#FPar21}

(Shift-invariance) *If*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta =\langle \mu _{\beta }, \nu _{\beta }\rangle$$\end{document}$*be another IFN, then*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} IFHIWA(\alpha _1\oplus \beta , \alpha _2\oplus \beta , \ldots , \alpha _n\oplus \beta ) = IFHIWA(\alpha _1,\alpha _2\ldots ,\alpha _n)\oplus \beta \end{aligned}$$\end{document}$$

### *Proof* {#FPar22}

As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i,\beta$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\in$$\end{document}$ IFNs, so$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha _i \oplus \beta = \left\langle \frac{(1+(\gamma -1)\mu _i)(1+(\gamma -1)\mu _{\beta })-(1-\mu _i)(1-\mu _{\beta })}{(1+(\gamma -1)\mu _i)(1+(\gamma -1)\mu _{\beta })+ (\gamma -1)(1-\mu _i)(1-\mu _{\beta })}, \frac{\gamma \left[ (1-\mu _i)(1-\mu _{\beta })-(1-\mu _i-\nu _i)(1-\mu _{\beta }-\nu _{\beta }) \right] }{(1+(\gamma -1)\mu _i)(1+(\gamma -1)\mu _{\beta })+(\gamma -1)(1-\mu _i)(1-\mu _{\beta })} \right\rangle \end{aligned}$$\end{document}$$Therefore,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&IFHIWA(\alpha _1\oplus \beta , \alpha _2\oplus \beta , \ldots , \alpha _n \oplus \beta )\\&\quad = \left\langle \frac{\prod \nolimits _{i=1}^n ((1+(\gamma -1)\mu _i)(1+(\gamma -1)\mu _{\beta }))^{\omega _i} -\prod \nolimits _{i=1}^n ((1-\mu _i)(1-\mu _{\beta }))^{\omega _i}}{\prod \nolimits _{i=1}^n ((1+(\gamma -1)\mu _i)(1+(\gamma -1)\mu _{\beta }))^{\omega _i} + (\gamma -1)\prod \nolimits _{i=1}^n ((1-\mu _i)(1-\mu _{\beta }))^{\omega _i}}, \right. \\&\qquad \left. \frac{\gamma \left\{ \prod \nolimits _{i=1}^n ((1-\mu _i)(1-\mu _{\beta }))^{\omega _i} -\prod \nolimits _{i=1}^n ((1-\mu _i-\nu _i)(1-\mu _{\beta }-\nu _{\beta }))^{\omega _i}\right\} }{\prod \nolimits _{i=1}^n ((1+(\gamma -1)\mu _i)(1+(\gamma -1)\mu _{\beta }))^{\omega _i} +(\gamma -1)\prod \nolimits _{i=1}^n ((1-\mu _i)(1-\mu _{\beta }))^{\omega _i}} \right\rangle \\&\quad = \left\langle \frac{\prod \nolimits _{i=1}^n ((1+(\gamma -1)\mu _i))^{\omega _i}(1+(\gamma -1)\mu _{\beta })^{\omega _i} -\prod \nolimits _{i=1}^n ((1-\mu _i))^{\omega _i}(1-\mu _{\beta })^{\omega _i}}{\prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _i)^{\omega _i}(1+(\gamma -1)\mu _{\beta })^{\omega _i} + (\gamma -1) \prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}(1-\mu _{\beta })^{\omega _i}},\right. \\&\qquad \left. \frac{\gamma \left\{ \prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}(1-\mu _{\beta })^{\omega _i} -\prod \nolimits _{i=1}^n (1-\mu _i-\nu _i)^{\omega _i}(1-\mu _{\beta }-\nu _{\beta })^{\omega _i}\right\} }{\prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _i)^{\omega _i}(1+(\gamma -1)\mu _{\beta })^{\omega _i} + (\gamma -1)\prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}(1-\mu _{\beta })^{\omega _i}} \right\rangle \\&\quad = \left\langle \frac{\left\{ \prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _i)^{\omega _i}\right\} (1+(\gamma -1)\mu _{\beta }) -\left\{ \prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}\right\} (1-\mu _{\beta })}{\left\{ \prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _i)^{\omega _i}\right\} (1+(\gamma -1)\mu _{\beta }) + (\gamma -1)\left\{ \prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}\right\} (1-\mu _{\beta })}, \right. \\&\qquad \left. \frac{\gamma \left( \left\{ \prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}\right\} (1-\mu _{\beta }) -\left\{ \prod \nolimits _{i=1}^n (1-\mu _i-\nu _i)^{\omega _i}\right\} (1-\mu _{\beta }-\nu _{\beta })\right) }{\left\{ \prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _i)^{\omega _i}\right\} (1+(\gamma -1)\mu _{\beta }) + (\gamma -1) \left\{ \prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}\right\} (1-\mu _{\beta })} \right\rangle \\&\quad = IFHIWA(\alpha _1,\alpha _2\ldots , \alpha _n) \oplus \beta \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square$$\end{document}$

### **Property 5** {#FPar23}

(Homogeneity) *If*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta >0$$\end{document}$*be a real number, then*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} IFHIWA(\beta \alpha _1, \beta \alpha _2, \ldots , \beta \alpha _n) = \beta \,IFHIWA(\alpha _1,\alpha _2\ldots ,\alpha _n) \end{aligned}$$\end{document}$$

### *Proof* {#FPar24}

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i = \langle \mu _i, \nu _i \rangle$$\end{document}$ be an IFNs for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,2,\ldots ,n$$\end{document}$. Therefore, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta >0$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \beta \alpha _i = \left\langle \frac{(1+(\gamma -1)\mu _i)^\beta -(1-\mu _i)^{\beta }}{(1+(\gamma -1)\mu _i)^{\beta }+(\gamma -1)(1-\mu _i)^{\beta }}, \frac{\gamma \left[ (1-\mu _i)^{\beta }-(1-\mu _i-\nu _i)^{\beta }\right] }{(1+(\gamma -1)\mu _i)^{\beta }+(\gamma -1)(1-\mu _i)^{\beta }} \right\rangle \end{aligned}$$\end{document}$$Therefore,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&IFHIWA(\beta \alpha _1, \beta \alpha _2, \ldots , \beta \alpha _n) \\&\quad = \left\langle \frac{\prod \nolimits _{i=1}^n [(1+(\gamma -1)\mu _i)^{\beta }]^{\omega _i} - \prod \nolimits _{i=1}^n [(1-\mu _i)^{\beta }]^{\omega _i}}{\prod \nolimits _{i=1}^n [(1+(\gamma -1)\mu _i)^{\beta }]^{\omega _i} + (\gamma -1)\prod \nolimits _{i=1}^n [(1-\mu _i)^{\beta }]^{\omega _i}}, \frac{\gamma \left\{ \prod \nolimits _{i=1}^n [(1-\mu _i)^{\beta }]^{\omega _i} - \prod \nolimits _{i=1}^n [(1-\mu _i - \nu _i)^{\beta }]^{\omega _i}\right\} }{\prod \nolimits _{i=1}^n [(1+(\gamma -1)\mu _i)^{\beta }]^{\omega _i} + (\gamma -1)\prod \nolimits _{i=1}^n [(1-\mu _i)^{\beta }]^{\omega _i}} \right\rangle \\&\quad = \left\langle \frac{\left( \prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _i)^{\omega _i}\right) ^{\beta } - \left( \prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}\right) ^{\beta }}{\left( \prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _i)^{\omega _i}\right) ^{\beta } + (\gamma -1)\left( \prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}\right) ^{\beta }}, \frac{\gamma \left\{ \left( \prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}\right) ^{\beta } - \left( \prod \nolimits _{i=1}^n (1-\mu _i - \nu _i)^{\omega _i}\right) ^{\beta }\right\} }{\left( \prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _i)^{\omega _i}\right) ^{\beta } + (\gamma -1) \left( \prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}\right) ^{\beta }} \right\rangle \\&\quad = \beta \left\langle \frac{\prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _i)^{\omega _i} - \prod \nolimits _{i=1}^n(1-\mu _i)^{\omega _i}}{\prod \nolimits _{i=1}^n(1+(\gamma -1)\mu _i)^{\omega _i} + (\gamma -1)\prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}}, \frac{\gamma \left\{ \prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i} - \prod \nolimits _{i=1}^n (1-\mu _i-\nu _i)^{\omega _i}\right\} }{\prod \nolimits _{i=1}^n(1+(\gamma -1)\mu _i)^{\omega _i} + (\gamma -1)\prod \nolimits _{i=1}^n (1-\mu _i)^{\omega _i}} \right\rangle \\&\quad = \beta \,IFHIWA(\alpha _1,\alpha _2,\ldots ,\alpha _n) \end{aligned}$$\end{document}$$Hence,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} IFHIWA(\beta \alpha _1, \ldots , \beta \alpha _n) = \beta \,IFHIWA(\alpha _1,\ldots ,\alpha _n) \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square$$\end{document}$

### **Property 6** {#FPar25}

*Let*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i=\langle \mu _{\alpha _i}, \nu _{\alpha _i}\rangle$$\end{document}$*and*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta =\langle \mu _{\beta _i}, \nu _{\beta _i}\rangle (i=1,2,\ldots ,n)$$\end{document}$*be two collections of IFNs , then*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} IFHIWA(\alpha _1\oplus \beta _1, \alpha _2\oplus \beta _2, \ldots , \alpha _n\oplus \beta _n) = IFHIWA(\alpha _1,\alpha _2\ldots ,\alpha _n) \oplus IFHIWA(\beta _1,\beta _2\ldots ,\beta _n) \end{aligned}$$\end{document}$$

### *Proof* {#FPar26}

As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i=\langle \mu _{\alpha _i}, \nu _{\alpha _i}\rangle$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta =\langle \mu _{\beta _i}, \nu _{\beta _i}\rangle (i=1,2,\ldots ,n)$$\end{document}$ be two collections of IFNs, then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\alpha _i \oplus \beta _i = \left\langle \frac{(1+(\gamma -1)\mu _{\alpha _i})(1+(\gamma -1)\mu _{\beta _i})-(1-\mu _{\alpha _i})(1-\mu _{\beta _i})}{(1+(\gamma -1)\mu _{\alpha _i})(1+(\gamma -1) \mu _{\beta _i}) + (\gamma -1)(1-\mu _{\alpha _i})(1-\mu _{\beta _i})},\right. \\&\qquad \qquad \qquad \left. \frac{\gamma \left\{ (1-\mu _{\alpha _i})(1-\mu _{\beta _i})- (1-\mu _{\alpha _i}-\nu _{\alpha _i})(1-\mu _{\beta _i}-\nu _{\beta _i}) \right\} }{(1+(\gamma -1)\mu _{\alpha _i})(1+(\gamma -1)\mu _{\beta _i})+(\gamma -1)(1-\mu _{\alpha _i})(1-\mu _{\beta _i})} \right\rangle \end{aligned}$$\end{document}$$Therefore,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&IFHIWA(\alpha _1\oplus \beta _1, \alpha _2\oplus \beta _2, \ldots , \alpha _n\oplus \beta _n) \\&\quad = \left\langle \frac{\prod \nolimits _{i=1}^n [(1+(\gamma -1)\mu _{\alpha _i})(1+(\gamma -1)\mu _{\beta _i})]^{\omega _i} - \prod \nolimits _{i=1}^n [(1-\mu _{\alpha _i})(1-\mu _{\beta _i})]^{\omega _i}}{\prod \nolimits _{i=1}^n [(1+(\gamma -1)\mu _{\alpha _i})(1+(\gamma -1)\mu _{\beta _i})]^{\omega _i} + (\gamma -1) \prod \nolimits _{i=1}^n [(1-\mu _{\alpha _i})(1-\mu _{\beta _i})]^{\omega _i}} ,\right. \\&\qquad \qquad \left. \frac{\gamma \left\{ \prod \nolimits _{i=1}^n [(1-\mu _{\alpha _i})(1-\mu _{\beta _i})]^{\omega _i} - \prod \nolimits _{i=1}^n [(1-\mu _{\alpha _i}-\nu _{\alpha _i})(1-\mu _{\beta _i}-\nu _{\beta _i})]^{\omega _i}\right\} }{\prod \nolimits _{i=1}^n [(1+(\gamma -1)\mu _{\alpha _i})(1+(\gamma -1)\mu _{\beta _i})]^{\omega _i} + (\gamma -1)\prod \nolimits _{i=1}^n [(1-\mu _{\alpha _i})(1-\mu _{\beta _i})]^{\omega _i}} \right\rangle \\&\quad = \left\langle \frac{\prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _{\alpha _i})^{\omega _i} \prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _{\beta _i}){\omega _i} - \prod \nolimits _{i=1}^n (1-\mu _{\alpha _i})^{\omega _i} \prod \nolimits _{i=1}^n (1-\mu _{\beta _i})^{\omega _i}}{\prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _{\alpha _i})^{\omega _i} \prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _{\beta _i})^{\omega _i} + (\gamma -1)\prod \nolimits _{i=1}^n (1-\mu _{\alpha _i})^{\omega _i} \prod \nolimits _{i=1}^n (1-\mu _{\beta _i})^{\omega _i}} ,\right. \\&\qquad \qquad \left. \frac{\gamma \left\{ \prod \nolimits _{i=1}^n (1-\mu _{\alpha _i})^{\omega _i} \prod \nolimits _{i=1}^n(1-\mu _{\beta _i})^{\omega _i} - \prod \nolimits _{i=1}^n (1-\mu _{\alpha _i}-\nu _{\alpha _i})^{\omega _i}\prod \nolimits _{i=1}^n(1-\mu _{\beta _i}-\nu _{\beta _i})^{\omega _i}\right\} }{\prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _{\alpha _i})^{\omega _i}\prod \nolimits _{i=1}^n(1+(\gamma -1)\mu _{\beta _i})^{\omega _i} + (\gamma -1)\prod \nolimits _{i=1}^n (1-\mu _{\alpha _i})^{\omega _i}\prod \nolimits _{i=1}^n(1-\mu _{\beta _i})^{\omega _i}} \right\rangle \\&\quad = \left\langle \frac{\prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _{\alpha _i})^{\omega _i} - \prod \nolimits _{i=1}^n(1-\mu _{\alpha _i})^{\omega _i}}{\prod \nolimits _{i=1}^n(1+(\gamma -1)\mu _{\alpha _i})^{\omega _i} + (\gamma -1)\prod \nolimits _{i=1}^n (1-\mu _{\alpha _i})^{\omega _i}}, \frac{\gamma \left\{ \prod \nolimits _{i=1}^n (1-\mu _{\alpha _i})^{\omega _i} - \prod \nolimits _{i=1}^n (1-\mu _{\alpha _i}-\nu _{\alpha _i})^{\omega _i}\right\} }{\prod \limits _{i=1}^n(1+(\gamma -1)\mu _{\alpha _i})^{\omega _i} + (\gamma -1)\prod \limits _{i=1}^n (1-\mu _{\alpha _i})^{\omega _i}} \right\rangle \\&\quad \oplus \left\langle \frac{\prod \nolimits _{i=1}^n (1+(\gamma -1)\mu _{\beta _i})^{\omega _i} - \prod \nolimits _{i=1}^n(1-\mu _{\beta _i})^{\omega _i}}{\prod \nolimits _{i=1}^n(1+(\gamma -1)\mu _{\beta _i})^{\omega _i} + (\gamma -1)\prod \nolimits _{i=1}^n (1-\mu _{\beta _i})^{\omega _i}},\frac{\gamma \left\{ \prod \nolimits _{i=1}^n (1-\mu _{\beta _i})^{\omega _i} - \prod \nolimits _{i=1}^n (1-\mu _{\beta _i}-\nu _{\beta _i})^{\omega _i}\right\} }{\prod \nolimits _{i=1}^n(1+(\gamma -1)\mu _{\beta _i})^{\omega _i} + (\gamma -1)\prod \nolimits _{i=1}^n (1-\mu _{\beta _i})^{\omega _i}} \right\rangle \\&\quad = IFHIWA(\alpha _1,\alpha _2\ldots ,\alpha _n) \oplus IFHIWA(\beta _1,\beta _2\ldots ,\beta _n) \end{aligned}$$\end{document}$$Hence,$$\documentclass[12pt]{minimal}
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### **Property 7** {#FPar27}
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### *Proof* {#FPar28}
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Ordered weighted averaging operator {#Sec7}
-----------------------------------

### **Definition 3** {#FPar29}
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### **Theorem 3** {#FPar30}
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### *Proof* {#FPar31}

The proof is similar to Theorem 1. $\documentclass[12pt]{minimal}
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### **Corollary 2** {#FPar32}

*The IFHIOWA operator and IFHOWA operator have the following relation for a collections of IFNs*$\documentclass[12pt]{minimal}
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As similar to those of the IFHIWA operator, the IFHIOWA operator has some properties as follows.

### **Property 8** {#FPar33}
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### *Proof* {#FPar34}

The proof is similar to IFHIWA properties, so we omit.

### *Example 6* {#FPar35}
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Hybrid weighted averaging operator {#Sec8}
----------------------------------

### **Definition 4** {#FPar36}
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### **Theorem 4** {#FPar37}
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The proof is similar to Theorem 1, so it is omitted here.

### **Corollary 3** {#FPar38}
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Similar to those of the IFHIWA and IFHIOWA operators, the IFHIHWA operator has also follows the same properties as described in Property 8.

Decision making approach using proposed operators {#Sec9}
-------------------------------------------------
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Illustrative example {#Sec10}
====================

The above mentioned approach has been illustrated through a case study on multiple criteria decision making problem. For this, assume that a certain company has a sum of money and they want to invest it somewhere. After carefully looking in the market scenario they have decided to invest the money in the following three companies.$\documentclass[12pt]{minimal}
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By IFHIWA operator {#Sec11}
------------------
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Comparison with the existing methodologies {#Sec13}
------------------------------------------

### By Xu ([@CR30]) approach {#Sec14}

If we utilize IFWA (Xu [@CR30]) operator to aggregate these IFNs then we get their corresponding aggregated values as$$\documentclass[12pt]{minimal}
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### By Wang and Liu ([@CR25]) approach {#Sec15}

If we utilize IFEWA (Wang and Liu [@CR25]) operator to aggregate these IFNs then we get their corresponding aggregated values$$\documentclass[12pt]{minimal}
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Sensitivity analysis {#Sec16}
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Conclusion {#Sec17}
==========

In this article, the objective of the work is to present some series of an averaging aggregation operators by using hamacher operations. For this, firstly shortcoming of the various existing operations and their corresponding aggregator operators is highlighted. These shortcoming has been resolved by defining a new set of operational laws on the intuitionistic fuzzy set environment by considering the degree of interaction or hesitation between the grades of functions. Based on these laws, some series of an averaging aggregation operators namely IFHIWA, IFHIOWA and IFHIHWA have been proposed. The desirable properties corresponding to each operator has been discussed. It has been observed from the operators that some existing operators IFWA and IFEWA are taken as a special case of the proposed operators. These operators have been applied to solve the MCDM problem for showing the substantiality and effectiveness of the approach. From the proposed approach, it has been concluded that it contain almost all of arithmetic aggregation operators for IFNs based on different $\documentclass[12pt]{minimal}
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